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Abstract 

The rules of quantum mechanics require a time coordinate for their formu- 
lation. However, a notion of time is in general possible only when a classical 
spacetime geometry exists. Such a geometry is itself produced by classical matter 
sources. Thus it could be said that the currently known formulation of quantum 
mechanics pre-assumes the presence of classical matter fields. A more fundamen- 
tal formulation of quantum mechanics should exist, which avoids having to use a 
notion of time. In this paper we discuss as to how such a fundamental formulation 
could be constructed for single particle, non-relativistic quantum mechanics. We 
argue that there is an underlying non-linear theory of quantum gravity, to which 
both standard quantum mechanics and classical general relativity are approxima- 
tions. The timeless formulation of quantum mechanics follows from the underlying 
theory when the mass of the particle is much smaller than Planck mass. On the 
other hand, when the particle's mass is much larger than Planck mass, spacetime 
emerges and the underlying theory should reduce to classical mechanics and gen- 
eral relativity. We also suggest that noncommutative differential geometry is a 
possible candidate for describing this underlying theory. 

The rules of quantum mechanics require the concept of time, for their 
formulation. The time coordinate determines the choice of canonical posi- 
tion and momenta, the normalization of the wavefunction, and of course, 
the evolution of the quantum system. From the point of view of the spe- 
cial theory of relativity, time is a component of spacetime; furthermore the 
general theory of relativity endows the spacetime with a pseudo-Riemannean 
geometry. This geometry however, is determined by the distribution of clas- 
sical matter - such matter is of course a limiting case of matter obeying the 
rules of quantum mechanics. Hence, via its dependence on time, quantum 
mechanics pre-assumes the existence of classical matter, whose very proper- 
ties it should explain in the first place. A more fundamental formulation of 
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quantum mechanics should exist, which does not refer to a background time. 
(for a recent discussion on the difficulties associated with quantum clocks see 
e.g. U). The purpose of the present paper is to outline a proposal for such 
a fundamental formulation, which we call Fundamental Quantum Mechanics 
(FQM). 

The need for FQM also follows from noting that the Universe could, in 
principle, be completely devoid of classical matter. For instance, the Universe 
could consist entirely of non-relativistic, non-classical microscopic partides, 
which would be described by Standard non-relativistic quantum mechanics, 
if a background spacetime were to be available. Since here classical matter 
and consequently classical spacetime geometry are completely absent, FQM 
is necessary for describing this Universe. Under very special circumstances 
(suitably chosen quantum states etc.) such a Universe could be described 
by a semiclassical theory of gravity (classical gravity produced by quantum 
matter) , but the semiclassical description is in general not vàlid (for a useful 
discussion see [§]). We observe that FQM can beco me necessary even if the 
typical energy scale of the partides in the system is much less than the Planck 
scale, and the partides are 'moving' non-relativistically. 

In order to attempt tackling the simpler problem first, in this paper we ad- 
dress only the issue of a FQM for non-relativistic quantum mechanics. Even 
though its true that here time and space are absolute Newtonian concepts, 
they are nonetheless attributes of a classical world, and a nonrelativistic ap- 
proximation to the geomètric description provided by the special and general 
theories of relativity. It is therefore meaningful to search for an FQM corre- 
sponding to non-relativistic quantum mechanics. (for another discussion on 
quantum mechanics without time, see |§). 

We can learn about the properties of FQM by constructing a simple model 
of the Universe. Imagine, for the sake of visualization, the Universe to be 
a manifold which is a 2-sphere, with one angular coordinate representing 
space, and the other time (unphysical properties like closed timelike curves 
are not relevant here since the spherical topology is only chosen as a model 
which makes it easy to form pictures). Next, let us imagine that there is only 
one object in this Universe - a macroscopic, localized object of mass m\. If 
mi can be treated classically, then it appears reasonable to propose that the 
spacetime on this manifold, as well its accompanying pseudo-Riemannean 
geometry, are due to this object. The object's own state is of course a 
trajectory in this spacetime, or equivalently, in the phase space. A key feature 
of this classical state is the absence of superpositions. 

Next, we consider the case that the mass m\ is so small that the object is 
no longer classical, but must be treated according to quantum mechanics. This 
would be straightforward if there were a background spacetime on the 2- 
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sphere. Now, however, we have a completely delocalized particle which can be 
thought of as residing on the 2-sphere, but there is no longer any Riemannean 
spacetime geometry on the manifold, nor any concepts of space and time. The 
particle, manifold and its pseudo- Riemannean geometry have all merged into 
one, in some sense. The dynamics of the system can be described, possibly, as 
a geometry of the 2-sphere - we call this dynamics Nonrelativistic Quantum 
Gravity (NQG). The state of the system can no longer be said to have a 
causal evolution, but exists as a whole, once and for all. 

Another way to arrive at this conclusion is to consider the situation where 
the 2-sphere already possesses a classical spacetime geometry because of exis- 
tent classical matter, and the value of the mass m\ (now assumed to be a test 
particle) is gradually reduced. When m\ is classical, its state is a spacetime 
trajectory, but when it becomes quantum mechanical, the state becomes an 
element of Hilbert space, labeled by a time coordinate. It is rather unnatural 
to imagine that as the value of m\ is reduced, the state at some stage jumps 
from being in physical spacetime, to being in a Hilbert space. It is more 
natural to assume that the state of m\ always belongs to the fundamental 
NQG 2-sphere - which looks like physical spacetime for large vàlues of m\ 
and like the direct product of a Hilbert space with time, for small vàlues of 

The only natural scale which separates a large classical value for the mass 
mifrom a small 'quantum mechanical' value should be determined by Planck 
mass rrtpi = (hc/G) 1 ^ 2 ~ 1CT 5 gm. Now one expects, from observation, 
the mass scale separating the 'classical' from the 'quantum' to be smaller 
than mpi by a few orders of magnitude. However, for want of a better 
understanding, we will for the time being continue to refer to this separation 
scale as m Ph with the understanding that a more refined analysis will yield 
a somewhat smaller separation scale. For m\ rripi (equivalently H — > 
or G — > oo) NQG should reduce to a classical spacetime trajectory for 
the particle, and to the nonrelativistic Einstein equations (i.e. Newtonian 
gravity) for the emergent spacetime geometry. Since classical objects are 
never observed in superposed states, it has to be the case that NQG is a 
non-linear theory - two solutions of the theory cannot be superposed. 

It is important to note that NQG is not the timeless description of non- 
relativistic quantum mechanics (i.e. FQM) that we are seeking. Unlike Stan- 
dard quantum mechanics and unlike FQM, NQG is non-linear, and involves 
the gravitational constant G, since it must also describe the gravitational 
effects of m\. It is clear that if we take the limit G — > (equivalently, 
mpi — > oo or mi <C mpi) then NQG no longer describes the gravity of mi, 
and should reduce to FQM: a linear theory which is the timeless formulation 
of Standard non-relativistic quantum mechanics. In FQM too, the physical 
state of m\ does not have a causal evolution, but exists as a timeless whole 
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on the 2-sphere. 

We thus have the picture that the dynamics of the object m\ on the 2- 
sphere is in general described by NQG - here spacetime geometry and matter 
cannot be separated from each other. NQG reduces on the one hand (when 
ïïi] ^> rripi) to non-relativistic Einstein equations and classical mechanics 
(the coordinates of the sphere now become space and time), and on the 
other hand (when m\ <C mpi) to a timeless description of Standard quantum 
mechanics. 

The time-dependent equivalent version of the FQM for m\ is obtained 
when the 2-sphere possesses a classical spacetime geometry due to other 
matter sources. This could happen, for instance, if there is present on the 
2-sphere, another mass m 2 ^> m P i which hence endows it with a classical 
spacetime. m\ is now a test particle on this 2-sphere in the sense that m\ <C 
víi pi 777,2- The FQM for vrt\ now has the Standard interpretation of non- 
relativistic quantum mechanics. It could be concluded from this discussion 
that there is an apparent time evolution in quantum mechanics only because 
the Universe today is dominated by classical matter, which produces classical 
spacetime. At a deeper level, quantum mechanics describes the physical state 
of the system m\ not as an evolution in time, but as a dynamics in which 
spacetime and matter cannot be separated. 

Important clues as to the nature of NQG can be obtained by examining 
the possible gravitational interaction a test particle m\ has with the back- 
ground gravitational field provided by the particle mi. The various possibil- 
ities are shown in the Table below, depending on how m\ and m 2 compare 
with mpi. 



m 2 — >: m 2 < m PU m 2 ~ mpi, m 2 > m P i 

mi i 

mi < m Pl NO Testi NRQM 

mi ~ m Pl X NQG Test2 

m 1 > mpi X X GR 



The 11 entry (NO) indicates that gravitational interaction is absent when 
both the masses are much smaller than mpi. The 21 and 31 entries (X) 
indicate that in these cases m\ is not a test particle. The 12 entry (Testi) 
is the most important, as this is the domain where laboratory experiments 
could in principle search for possible signatures of NQG , by studying the 
gravitational interaction of a quantum mechanical particle (mi) with the 
NQG 'gravitational field' of 777.2. The 22 entry (NQG) represents the genuine 
gravitational interaction of two partides in NQG: this would describe the 
dynamics that replaces Newtonian gravity in a quantum theory of gravity. 
The 13 (NRQM) entry is the Standard non-relativistic quantum mechanics 
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on a background spacetime, whereas the 23 entry (Test 2) probes the response 
of a particle in NQG to a classical spacetime geometry. The final 33 entry 
is Newtonian gravity (nonrelativistic GR). Looking at the last column, since 
both the first (NRQM) and the third (GR) entry satisfy the equivalence 
principle, one could expect that NQG on a background spacetime (middle 
entry Test2) satisfies the equivalence principle too - a possible indicator that 
NQG is a generally covariant theory. 

We have been able to infer some properties of nonrelativistic quantum 
gravity by starting from the premise that there should be a description of 
quantum mechanics which does not refer to a time coordinate. The theory to 
which one is led (NQG) has as its limits both quantum mechanics (G — > 0) 
as well as nonrelativistic gravity {% — > 0). It is hence possible that the 
dynamics of NQG (in our model the dynamics of the 2-sphere) is described by 
a noncommutative differential geometry (NDG) |3J, because NDG has within 
itself, as special CclSGS, cl commutative spacetime geometry which describes 
spacetime and gravity, and also, a noncommutative àlgebra structure which 
can describe quantum mechanics on an ordinary spacetime. 

An outline of the dynamics of NQG on the 2-sphere is suggested here. 
We shall assume that the 2-sphere is a noncommutative space on which the 
àlgebra of functions is in general noncommuting. Let A and B denote the 
'coordinates' on the 2-sphere, and let there be, associated with these 'coordi- 
nates', 'momenta' pa and ps- These four quantities are assumed to describe 
a particle m on the 2-sphere. We propose, on the 2-sphere, commutation 
relations of the following kind: 

[A,B] =iLl l F í {m/m Pl ) 
[A,p A ] = [B,p B ] = ihF 2 (m/m P i) 

h 2 

[Pa,Pb] = ij2-F 3 (m/m P i) 
l pi 

The functions F\, F 2 and F3 are assumed to go to zero in the limit 
m ^> mpi. Thus all the four quantities describing the particle become com- 
muting in the large mass limit. Now one may identify A and B with ordinary 
spacetime coordinates on the 2-sphere, and Pa, Pb with ordinary energy and 
momentum. 

In the limit m <C rripi these commutation relations describe FQM. Since 
a background spacetime is absent, the function Fi(m/mpi) has to be non- 
vanishing in this limit. FQM is hence described in terms of quantities which 
are not Standard spacetime coordinates and momenta. This description be- 
comes equivalent to Standard quantum mechanics in the presence of an exter- 
nal spacetime, though it is unclear at present as to how that happens. The 
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presence of the mass m in the commutation relation [A,B] should be seen as 
analogous to the fact that in Riemannean geometry the non-commutativity 
of covariant derivatives is determined by the Riemann tensor, which itself 
is related to the distribution of matter. Hence we are suggesting that at a 
fundamental level not only the covariant derivatives, but the coordinates as 
well, do not commute, and the non-commutativity of the latter may also be 
related to matter. 

The physical state of the system in NQG is the noncommutative analog 
of a vector field, or equivalently a noncommutative analog of a derivation, 
on the 2-sphere. Furthermore, associated with the differential structure of 
the A, B space there is a concept of curvature of the noncommutative space. 
The exact implementation of the notion of curvature in NDG is at present 
an issue that has not been fully resolved |5j . We propose that this curvature 
is induced by the presence of the mass m, in the spirit of general relativity. 
In the commutative limit the dynamical equation relating curvature to m 
reduces to Einstein's equations. The detailed nature of the dynamics of 
NQG in the language of noncommutative geometry is under investigation. 

It appears to us that, like spacetime, the mètric is also an emergent 
concept, vàlid only when the Universe is dominated by classical matter. Our 
non-relativistic considerations here cannot explain the Lorentzian signature 
for the emergent mètric. We hope to address relativistic generalizations of 
these ideas in the near future. 

Our proposal for the conceptual structure of NQG has, built within itself, 
the attractive possibility of addressing the issues of wave function collapse 
during a quantum measurement, and the EPR paradox. From our viewpoint, 
during a quantum measurement, there is a sudden jump in the value of m% 
from the range m <C rripi to the range m 3> nipi (as a microscopic quantum 
system comes into contact with a macroscopic measuring apparatus). The 
associated geometry changes from the delocalized, timeless description of the 
2-sphere on the NQG, to a classical spacetime trajectory - this could help 
understand the apparently acausal change associated with an EPR measure- 
ment. Also, a proper understanding of NQG could explain the origin of the 
| ip | 2 probability rule which comes into play during a quantum measurement . 
The apparent breakdown of the unitarity of the Schrodinger equation during 
a measurement is possibly associated with the fact that NQG makes a tran- 
sition from being a linear theory for m C mp; to being the non-linear theory 
which it actually is, when m ^> mpj. Our picture also supports Penrose's 
idea that gravity is involved in the collapse of the wave function ||. 

It is also of interest to investigate what possible connection this work 
might have with string theory and M-theory, wherein the position coordinates 
of a D-brane become non-commuting. 
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We conclude by suggesting that Einstein's criticism that quantum me- 
chanics is incomplete may now be understood as the theory having to refer 
to a background time. A version of the theory which does not refer to such 
a background time possibly removes this incompleteness. 
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